for Fig. 2c , we repeated the results which we discussed carefully for the anomalous quantization trajectory. Here, the anomalous RGFD trajectory is repeatable. These data are measured at T = 1.8 K. Different from the Co decorated samples ( Fig. 2d and Supplementary Fig. 3 ), here the RGFD of Cu clusters decorated sample (sample D) shows the normal trajectory, which is similar to the undecorated sample ( Table 1 . This is an evidence to confirm the crucial role of the magnetic clusters in our model.
Supplementary Note 2. Anomalous quantization trajectory for other samples and the RGFD.
In Supplementary Fig. 3 Another problem is that at what extent the disorder will destroy the dissipationless transport. As we all known, the QH state has robustness against disorder, but too much disorder will destroy QH state. Here, we cannot find out the amount of disorder brought by the Co clusters. But considering that we have repeated and obtained the similar anomalous RGFD behavior in three independent samples, it is believed that the phenomenon observed here is not a coincidence but is indeed within an experimentally realistic parameter region. The main purpose of this work is focused on the separation of the quantization behavior of the top and bottom surface states. In order to do so, we have to introduce certain amount of disorder that can indeed separate the two surface states, and on the other hand does not destroy the dissipationless transport. With regard to the question, i.e., under what parameter conditions will the QH behavior be preserved, is beyond the scope of the current work.
This is an interesting topic that we wish to give quantitative answer in our further research.
Supplementary Note 3. Topological θ-term in the effective non-linear sigma model.
The robustness of quantized Hall conductance against disorder in the two dimension electron gas (2DEG) has been well studied by previous literature. The robustness and the renormalization group flow can be understood through an effective topological field theory around the mean-field saddle point, which is a non-linear sigma model with a topological θ-term. However, the effective field theory to explain the QH states in the TI devices is still in absence. To make our work as complete as possible, we now give a derivation of the topological field theory of the TI surface with disorder and under magnetic field, the result of which can explain the RGFD satisfactorily in our experiment.
In our experiment, we first investigated the undecorated sample under magnetic field.
In this case, the Dirac fermion with a U(1) gauge field in the Landau gauge can be written as
The corresponding Dirac equation can be solved which leads to the Landau levels Hence, we have arrived at the conclusion that both the n = 0 LL and the QAH state of the TI surface are associated with the bulk topology characterized by C = 1/2. Now we are willing to consider the effect of disorder on the TI surface with magnetic field. It is known from the QH effect in the 2DEG that the fluctuation around the mean-field saddle point is usually described by a nonlinear sigma model in terms of the sigma field Q. Furthermore, the nontrivial bulk topology discussed above will give rise to a topological θ-term. For the 2DEG, the θ-term is found to be Supplementary Figure 4a is the RGFD predicted by our nonlinear sigma model investigation of the pristine sample for either the top or the bottom surface. We note that there are two differences between the theoretical RG flow and the experimental setup. First, the RGFD obtained here describes the flow with changing the energy scale (scaling parameter), whereas, in experiment, it is the gate voltage V g that is varying. Second, in experiment, the conductance from both the top and bottom surface cannot be separately measured, and we should consider the sum of the two transport channel. To make the theory in agreement with our experiment, we note that the gate voltage of the top surface is fixed (between the -1 and 0 LL) while that of the bottom surface is tuned (from above the 0 LL to below the 0 LL). Hence, in low temperature regime, the top surface always stay at the fixed point σ xy = -e 2 /h, whereas, the bottom surface is driven from the fixed point σ xy = e 2 /h to σ xy = -e 2 /h. Then the V g -driven flow of the sum of the two surfaces can be obtained, as is shown in Supplementary Fig. 4b . This accounts for the experimental data (Fig. 2c) satisfactorily.
